FORCED OSCILLATIONS IN A HEAT- AND MASS-TRANSFER
SYSTEM WITH A FINITE TRANSFER RATE
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The solution of the general boundary-value problem for the one-dimensional inhomo~
geneous heat- and mass-transfer equation with a finite transfer rate is investigated. The
forced oscillations are analyzed in several special cases.

Accordingtothe theorydeveloped by Lykov [1], certain processes in heat- and mass-transfer systems are
significantly affected by the presence of a finite transfer rate. For example, the propagation of heatand
mass in heat- and moisture-transfer processes in capillary-porous bodies takes place with a finite velocity.
The significant factor here is that the allowance for a finite transfer rate leads to hyperbolic-type equations.
The moisture conductivity equation has the form
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in which wzr :“m/"'r is the capillary velocity of the liquid, 7, is the relaxation period in hours, and a,, is
the moisture diffusivity.

Certain problems associated with Eq. (1) have been solved by Lykov and Perel'man, as well as by
other authors [2, 3].

We propose to analyze the general boundary-value problem for the one-dimensional inhomogeneous
equation
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subject to the initial conditions ,
w(x, 0) =y (x), u(x, 0) =1, (x)
and boundary conditions
gty (Xy, T) + Brulxg, 1) =g, (1),
Ryl (Xy, T) 4 Prti(x,, 7) = P, (1) @3)
for xy = x=xy, 7=0; a, b, c are nonnegative constantsanda, oy, By, B, are constants.

To solve the problem we use the integral transform

50 = K0e v .
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The solution is then represented in the form ]
ulx, =" u;(0K; (). (6)
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The kernel of the transform for the given problem is written in the form
AN
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K;(0) = .S} -+ o, Cf) cos (M)

where ) )
C = cospyxy; S =sinpyx, i =1,2;

AP = 2p; (o, + BiSI {(0ap Cf + BiSn (e — 1)

+ 8PC — SPCM (oS — BiCIP i, (5, — x1) + CJS{Y

—CPSP + B.Sf + aan Cf )eapsS)” —BCONCH — G
— S 4 SP

@)

Here the eigenvalues u% satisfy the equation

B.C" — ot SNBSS + o, C1 = [BLPY — ot SPIB,SS” -+ a CFV1. ©)
Now the solution (6) leads to the following equation in the image domain:

b uj (1) + cu; (v) -+ apf u; (v) = aB, (x) + [ (1) (10)

where 0

B; (1) = 7.:: {loegps; cos p; (xy — x7) — By sinp; (%, — X0)] @ (7) — oty (V)}
subject to the initial condition

4;(0) ="y, 4} (0) =1py;-
Equation (10) clearly describes forced oscillations excited in the system by external effects specified
by the functions
f(x, ), @ () 9a(0)-

Let us consider a special case of forced oscillations. Letay=a,=0, By =By =1, @1 =@y =¥ =i =0,
Xy =0, X, =1, f =A sinwr. In this case y) =kmn/l, Ky (x) = 2/1)sin krx/1),

1
T :.—3 yAsinwtsinwa:xdx = ——iA [l —(— 1)} sinor = f,sin ot
T

Now the solution of Eq. (10) can be represented in the final form

- (api —bo®) . cofy
U, (1) = @ — 5P T sin ot + @b T COS WT. (11)

Substituting (11) and the kernel Kj (x) into (6), we obtain a solution of the forced oscillation problem.

In the theory of thermal conduction the velocity of heat propagation is infinite, the relaxation period
7.=0, and we arrive at a parabolic-type equation, puttingb =0in (2). Then (11) assumes the form

aulf, cofy,

Wz—m—z“ sin ot + WCOS T, (12)

_sz ()=
As u%( is increased the amplitudes of the harmonics decrease, and the solution is determined by the fre-
quency w.

The periodic solutions of the thermal conduction equation have been investigated in a more general
case in [4]. In the case ¢ =0 the equation is of the hyperbolic type, and expression (11) assumes the form
fe

u (1) = T}LFb—mTSin T, (13)
Clearly, the effect known as resonance can occur here when (au2 —bwz) — 0 for one of the values of k.

Then the amplitude of the corresponding harmonic increases witgout bound, as does the solution of problem
(6). This effect can be observed for gases at low pressures, in which case the heat transfer is molecular

and the thermal conductivity is determined by the finite velocity of heat propagation.
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Finally, setting the denominator in (11) equal to zero, we can establish a more complex relationship
between the forced oscillation frequency wand the eigenvalues py .
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